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Refractive Index Effects on Radiative Behavior of a Heated
Absorbing-Emitting Layer

C. M. Spuckler* and R. Siegelt
NASA Lewis Research Center, Cleveland, Ohio 44135

Temperature distributions and other heat transfer characteristics are analyzed for a heated plane layer of
semitransparent material with refractive index >1. The analysis includes heat conduction, emission, and ab-
sorption within the layer. The layer has diffuse interfaces; examples are a frosted quartz window used to diffuse
incident radiation in high temperature surroundings, or a ceramic layer with small scattering used in high-
temperature applications. Each side of the layer is heated by radiation and convection, and interface reflections
are included. When the index of refraction is larger than unity, there are total internal reflections of some of
the energy within the layer. This has a substantial effect on distributing energy across the layer, and considerably
alters the temperature distribution from when the refractive index is unity. Results are given for a gray layer
and for a two-band spectral variation of the absorption coefficient. Radiant energy leaving the surface was
examined to determine when it could be used to measure surface temperature accurately.
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En(x) = J jM«-2exp(-*/A)dM
blackbody hemispherical spectral radiation for n
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dimensionless convection-radiation parameter,

= convective heat transfer coefficient, W/m2-K
= thermal conductivity of radiating medium,

W/m-K
- conduction-radiation parameter based on length

D, k/aT3
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= index of refraction
= heat flux, W/m2; q = q/crT^
= radiative heat flux, W/m2

= ratio of heat transfer coefficients, hl/h2
= absolute temperature, K
= gas temperature, K

temperatures of radiating surroundings, K
dimensionless temperature, T/Tgl
coordinate normal to boundary of plane layer,
m; X = x/D
quantity defined in Eq. (27b)
emissivity of surface for an opaque layer
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= optical coordinate a-x\ KD, optical thickness,
a-D

= reflectivity of interface for internally incident
radiation

= Stefan-Boltzmann constant, W/m2-K4

= transmissivity of interface for externally
incident radiation

Subscripts
a = apparent surface temperature from heat flux
g = gas on either side of layer
/, o = incoming and outgoing radiation
k = the kth frequency band
/, 5- = long and short wavelength regions
r — radiative quantity
v — frequency
1,2 = the hot and cooler surroundings of the layer

Introduction

T HE temperature distribution in a semitransparent ma-
terial can be significantly influenced by its index of re-

fraction. If there is external radiant heating, the refractive
index affects the amount of external energy reflected and
transmitted from the outside into the interior of the material.
A much more significant factor is that radiation emitted from
within the material volume depends on the square of its index
of refraction. As the refractive index is increased, the internal
volume emission can be many times that emitted by a black-
body radiating into a vacuum. Because radiation exiting from
an interface cannot exceed that of a blackbody, there is ex-
tensive energy reflection at the internal interfaces, most of it
by total internal reflection. This can have a substantial effect
on the layer temperature distribution.

The present analysis examines the effects of index of re-
fraction and other independent parameters on the tempera-
ture distributions in a semitransparent plane layer. The layer
is subjected to external radiative and convective heating at
each of its surfaces. The material emits and absorbs radiation,
but for the type of layer considered here, scattering is small
except at the interfaces. The layer is a crystal or window-type
of material, hence its absorption coefficient is a function of
the radiation frequency. Results are provided for a gray layer
and for a two-band spectral variation of the absorption coef-
ficient. The results include temperature distributions, surface
temperatures, and apparent surface temperatures an optical
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pyrometer would measure based on radiant energy received.
The gray results are found to provide a guide for the spectral
behavior. The surfaces have been roughened deliberately, or
have become roughened by erosion, or are contaminated.
Hence, the surfaces act to diffuse radiation transmitted or
reflected at the boundaries. Diffuse boundary conditions are
used in the analysis. An application with this type of mod-
erately roughened layer is the use of a frosted quartz window
to diffuse incident radiation from an intense lamp source in
a high-temperature experiment using radiant heating. The
temperature level and distribution in the window must be
estimated in the design of the experiment. The results are
also applicable to some ceramic materials that have small
scattering and are used in high-temperature applications where
temperature distributions and gradients are important.

The layer reaches an equilibrium temperature distribution,
depending on the surrounding heating or cooling environ-
ments that provide radiation and convection. The effects on
the layer temperature distribution of the index of refraction,
layer optical thickness, and thermal conductivity are inves-
tigated for various magnitudes of the external heat transfer
conditions.

An analysis of temperature distributions in absorbing-emit-
ting layers, including index of refraction effects was developed
by Garden1 to predict cooling and heat treating of glass plates.
The interfaces were optically smooth so reflections are spec-
ular and are computed from the Fresnel reflection laws. An-
other application, for which a computer program was devel-
oped, was for the heating of a window in a reentry vehicle.2
A number of recent papers3"5 have examined further the ef-
fects of Fresnel boundary reflections and nonunity refractive
index. Some other examples of analysis of both steady and
transient heat transfer to single or multiple plane layers6-8

have used diffuse assumptions at the interfaces. A study in
Ref. 9 includes spectral effects and directional effects at
bounding solid walls. Directional variations in the emission-
reflection characteristics of the solid walls were found to have
small effects. The present authors have not found a detailed
analysis for a layer subjected to the type of heating conditions
studied here. This includes the effects of diffuse interfaces
without enclosing solid boundaries, the total reflection of a
portion of the internally radiated energy, and a nonunity re-
fractive index. The analysis is given for a general spectral
variation in the absorption coefficient.

Analysis

Relations for Temperature Distribution from Energy Equation

The layer geometry and coordinate system are shown in
Fig. 1. The layer has thickness D, constant index of refraction
n, and spectral absorption coefficient av. There are specified
diffuse radiative heat fluxes qrl and qr2 incident on each of
the sides. There is also convective heat transfer on each side
provided by gas temperatures Tgl and Tg2 and convective heat
transfer coefficients hl and h2. The conditions are such that
side 1 is the higher temperature side.

Energy is transferred within the semitransparent material
by conduction and radiation so the energy equation contains
a term for each of these modes. The total energy flux trans-
ferred by radiation is written as the integral over all frequen-
cies of the spectral radiative flux so the energy equation is10

••-,-7-fdx dx Jo
ndqvr = 0 (1)

Equation (1) will be integrated twice to obtain an expression
for the temperature distribution within the medium. The in-
tegrations introduce two constants of integration that are elim-
inated by use of boundary conditions.
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Fig. 1 Layer geometry, coordinate system, and nomenclature for
radiative fluxes.

Equation (1) is integrated once and equated to its value at
either x = 0 or x = D to give

ik —dx - I dqvr(x) = constant

— dqvr(0) = k —Jo dx (2)

There are two types of imposed external conditions: convec-
tion from gases on both sides of the layer, and diffuse radiation
incident from the surroundings on each side. After suitably
accounting for boundary reflections, radiation passes into the
layer and interacts within the material volume. There is no
absorption at the interface because it does not have any vol-
ume. Hence, the conduction derivative terms at the bound-
aries in Eq. (2) are equated to only the convection to yield

dqvr(x) = /i,[rgl - T(0)] + JQ dqvr(Q)

= h2[T(D) - Tg2] + Jo dqvr(D) (3)

The energy equation in the form of Eq. (3) is now integrated
a second time to yield an expression for the layer temperature
distribution. The value of T(0) is used for the constant of
integration; the unknown T(0) will be evaluated as part of
the solution. The integration yields an expression for T(x)

T(x) = 7X0) - ^ [r,, - T(0)]X - \

Evaluating Eq. (4) at x = D yields an expression for the
temperature difference across the layer as

- r(0) = -
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This temperature difference is written in the form [T(D) -
T

82\ + [Tgl- 7X0)] + (Tg2- Tgl). The values in the square
brackets are now replaced by their values obtained from Eq.
(3) to yield

T(D) - r(0) = i [Tgl - r(0)] +

(Tg2 - Tgl) (6)dqvr(D) + [Tgl -

This is equated to Eq. (5) and the result solved to yield an
expression for T(0) as

(7)

Relations for Radiative Flux
Equations (4) and (7) for the temperature distribution con-

tain the spectral radiative flux dqvr(x), so this is now consid-
ered. The final set of equations will provide a coupled set of
relations between the temperature distribution and the spec-
tral radiative flux distribution. For a plane layer, the spectral
radiative flux in the interval dv is given by10

dqvr(x) = 2 dqvo(Q)E3(avx) - 2 dqvo(D}E3[av(D - x)]

2n2 avevb(x*) dvE2[av(x - x*)] dx*

avevb(x*) dvE2[av(x* - x)] dx (8)

where evb is used here for n = I in order to explicitly show
the n2 factor for internal emission. Equation (8) gives the
spectral radiative flux at x inside the layer, and has in it terms
for the diffuse spectral fluxes dqvo(Q) and dqvo(D) that leave
the internal surface of each boundary and propagate into the
medium (see Fig. 1). These fluxes must be expressed in terms
of the fluxes incident from the outside of the region to provide
coupling with the radiative conditions imposed by the outside
environment.

At the diffuse interfaces the spectral fluxes are related to
the transmission of external flux and the reflection of internal
flux by (Fig. 1):

(9a)

(9b)dqvo(D) = dqvr2T° + dqvi(D)p'v

Also on the inside of the two boundaries there are the fol-
lowing relations between the radiative flux and the outgoing
and incoming fluxes (Fig. 1):

dqvr(D) = -dqvo(D) + dqvi(D)

(lOa)

(lOb)

By evaluating Eq. (8) at x = 0 and at x = D and comparing
with Eqs. (lOa) and (lOb), it is evident that the incoming

fluxes are

dqvi(Q) = 2 dqvo(D)E3(avD)

+ 2n2 1° avevb(x*) dvE2(avx*) dx* (lla)

dqvi(D) = 2 dqvo(Q)E3(avD)

+ 2n2 ̂  avevb(x*) dvE2[av(D - x*)] d** (lib)

The dqvi(0) are now eliminated between Eqs. (9) and (11),
and the resulting equations placed into the form

dqvo(Q) - Av dqvo(D) = Cvl (12a)

dqvo(D) -Avdqvo(0) = Cv2 (12b)

where

Av = 2pi
vE3(avD) (12c)

d = TV dqvri + 2n2pl I avevb(x*) dvE2(avx*) djt*
(12d)

(12e)

Cv2 = r° dqvr2 + 2n2pl
v avevb(x*) dv

x E2[av(D - x*)] dx*

The two simultaneous Eqs. (12a) and (12b) are solved for
dqvo(0) and dqvo(D) to yield

Cvl + AyCy.
1 _ J2

AvCv

(13a)

(13b)

The solution can now be obtained by iteration as will be
described. Then a banded model will be formulated and the
equations placed in dimensionless form for calculating results.

Solution Procedure
An iterative solution is obtained by assuming a temperature

distribution within the layer as the first step. To resolve the
spectral dependence, a sufficient number of frequency values
are selected to provide the desired accuracy when a numerical
integration is carried out over frequency to obtain the total
energy. The Av, Cvl, and Cv2 are evaluated from Eq. (12) at
each v and are used to calculate dqvo from Eq. (13). The
dqvr(x) is then obtained from Eq. (8). The T(0) is evaluated
from Eq. (7), and T(x) obtained from Eq. (4). This temper-
ature distribution is used to begin the iteration again, and the
process continued until a converged solution is obtained. Re-
sults for n = I were checked against those in Ref. 6 and the
agreement was excellent. The solution procedure is now given
more specifically for a banded situation.

Relations for Banded Model
For a banded formulation, the absorption coefficient has a

constant value in each designated spectral region. The ak ap-
plies in the kth frequency band extending from vk to vk+l. If
the r° and pi vary with frequency they must also be constant
within the band. The integration of Eq. (12a) over the kth
band yields, for example:

= Ck (14a)
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where

Ckl =

Flux Relations

Ak =

2n2p<k

(I4b)

id**
(14c)

and similarly for Ck2. The Fk(T) is the fraction of energy in
the kth frequency band for a blackbody at temperature T(x *).
Using the 'Ak, Ckl, and Ck2, Eqs. (13) are used to obtain
Atfto(0) and kqko(D) for each band. Then from Eq. (8) the
radiative flux at x in the kth band is obtained from

- 2kqko(D)E3[ak(D - x)]

- **)]

ck (15)

The three integrations over all frequencies that are in Eq. (7)
are then carried out by summing over the bands

q,(x) =

Eqs. (7) and (6) become

(16)

- q,(D) - TJ - Z (17)

T(D) - 7X0) = [r?1 - 7X0)] + 9r(

- 7X0)] + (Tg2 - Tgl) (18)

Equations in Dimensionless Form
Using the dimensionless groups defined in the Nomencla-

ture, the equations needed for the iterative solution have the
dimensionless forms

Boundary Relations

Ckl =

Ak = 2pi
kE3(KDk)

2n2p'kKDk

Q2 = TjA4tf2 + 2n^kKDk I t\X)Fk(T)

- X)] dX

_ C. + A£V2

_ CV2 + AvCvl

(19a)

(19b)

(19c)

(20a)

(20b)

- X)}

t\X*)Fk(T)E2[KkD(X - X*)] dX*

fi 1
- t\X*)Fk(T)E2[KkD(X* - X)} AX* (21)

JX J

(22)

Temperature Relations

(23)

t(X) = r(0) -—\HR(1 -t(0)]X
^ D

- q,(Q)X q,(X) dX (24)

Relations for Diffuse Interface Transmittance and Reflectance
For diffuse interfaces the roughness will influence T°, which

is for radiation incident from the outside, and p', which is for
radiation incident from inside the layer. When the refractive
index of the medium is greater than unity, pl must include
the effect that some of the internal radiation is totally reflected
by the interface. In the absence of other information, the
diffuse interface characteristics for small roughness were de-
termined by integrated averages from the Fresnel reflection
relations.

The externally incident radiation is diffuse. By integrating
the reflected energy over all incident angles the relation for
T° is given by11

, , ^= 1 - p*(n) = - -

n2(n2 - I)2

(n2 + I)3

8n4(»4 +

n - 1 2n3(n2 + 2n - 1)
+ I/ (n2 + l)(n4 - 1)

(n2 +
(25)

This assumes the interface properties can be calculated by
considering the medium to be a perfect dielectric; that is, the
effect of the extinction coefficient in the complex index of
refraction can be neglected. This is a good assumption unless
the extinction coefficient is large.12-13 Hence, the interface
properties used here are a function of only the simple index
of refraction n. After allowance for energy that is at angles
larger than the critical angle for total reflection, the p' is found
as a function of n from11

P'(-> » 1 - (26)

Values of r° and p' are in Table 1 for various n. It is evident
that as n increases, there is substantial internal reflection.
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Table 1 Interface properties

n
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0

External
1°

1.0
0.90822
0.83940
0.77813
0.72380
0.67579
0.63336
0.59573
0.56222

Internal
Pl

0
0.59635
0.79015
0.87550
0.91958
0.94483
0.96041
0.97058
0.97751

Numerical Solution Method
The numerical solution of Eq. (21) requires integrating the

fourth power of the temperature distribution multiplied by
the exponential integral function E2. Because E2 is well be-
haved, the integrals were evaluated without difficulty using
the Gaussian integration subroutine QDAGS from the IMSL
library. The layer was divided into evenly spaced grid points;
by trying various grid sizes, 41 points were found to be suf-
ficient. The t\X) distribution was fitted during each iteration
by the cubic spline subroutine CSINT. The Gaussian subrou-
tine called for unevenly spaced grid points, and, as required
during the calculations, they were interpolated from the spline
fit.

The blackbody fraction Fk was evaluated as required during
the solution by use of the rapidly converging series14

where

Fk(T) =

15

(27a)

(27b)

and /3 = C2v/cQT.

Special Cases for Transparent and Opaque Layers

Transparent Layer
For a transparent layer, there is no radiative interaction

with the layer. The boundaries are heated or cooled by con-
vection, and internal heat flow is by conduction. Using or-
dinary relations for heat flow through a plane layer yields in
dimensionless form

f(0) = 1 - 1 - k

- IT [1 - ' (0)]

(28a)

(28b)

Opaque Layer
For an opaque layer, there are additional terms for ab-

sorption and emission at the boundaries. The boundary
emissivities are independent of frequency for the present anal-
ysis. The solution is obtained from the following three equa-
tions; Eqs. (29a) and (29c) are from a heat balance at each
of the interfaces, and Eq. (29b) is the relation for heat con-
duction through the layer

HR[l -

ND[t(G) -

;4(0)] - q = 0

- q = 0

(29a)

(29b)

e2[t\l) - t*2] - $ = 0 (29c)

For opaque gray surfaces, sl and £2 depend on n and are both
equal to 1 - p° = r° obtained from Eq. (25).

Results and Discussion
Results are given first for a gray layer. As shown, this

provides a framework for explaining the two-band solutions
that follow.
Temperature Distributions and Surface Temperatures for a
Gray Layer

The analysis is formulated in a general way with unequal
amounts of radiative heating imposed at the two sides of the
semitransparent layer. The radiative heating is specified in-
dependently of the gas temperature on each side that provides
the convective heat transfer. To reduce somewhat the number
of parameters and still provide insight into the physical be-
havior, the following conditions were selected for the results
given here. The environment on each side of the layer is black
and has a temperature equal to the gas temperature on that
side. The incident radiant fluxes, then are, qrl = crT4

gl and
qr2 = <rTg2. The gas temperature on the cold side (side 2 in
Fig. 1) is one-quarter that on the hot side (side 1). When the
ratio of gas temperatures was changed to one-half, similar
results were obtained and are not included here. The con-
vective heat transfer coefficients on the two sides are equal
to each other, so the parameter R = 1. The convection-to-
radiation parameter HR is varied from 0.1 to 10, that corre-
sponds, for example, to heat transfer coefficients from 19.14
to 1914 W/m2-K when Tg] = 1500 K. The conduction-radia-
tion parameter ND is varied from 0.1 to 10, corresponding,
for example, to thermal conductivities from 0.19 to 19.14
W/m-K for a layer 1 cm thick with Tgl = 1500 K.
Effect of Index of Refraction

For the first set of results (Fig. 2), convection is of the same
order as the external radiation provided to the hot side, so
HR = 1.0. The conduction parameter is rather small, ND =
0.1; this provides a significant influence of internal radiation
on the temperature distribution rather than it being domi-
nated by heat conduction. The three parts of the figure are
for indexes of refraction, n = 1,2, and 4. Each part provides
temperature distributions within the layer for optical thick-
nesses KD covering the range 0 to oo. For small and large optical
thicknesses, the results approach the limiting cases for trans-
parent and opaque layers computed from the special cases,
Eqs. (28) and (29). The comparisons were found to be ex-
cellent as KD in the general computer program was made very
small or very large.

The limiting cases provide linear temperature distributions
because energy transport within the material is only by con-
duction. For the parameters in Fig. 2, the limiting cases yield
temperature distributions that are close to each other. This
shows that, for these parameters, the surface radiation ab-
sorption and emission in the opaque case (absent for the
transparent case) are not very significant relative to the con-
vective heating. In contrast, when KD is neither very small nor
very large, there is a substantial internal radiation effect. For
intermediate KD , radiation penetrates into the interior of the
layer and internal exchange occurs. The result in Fig. 2a (for
n = 1) is that as the optical thickness is increased from zero
to approximately 1, the temperature profiles become less lin-
ear, and the temperatures increase. The temperatures then
decrease as KD is further increased (except at small X), and
become more linear as the layer becomes optically thick. As
KD —> oo, the opaque limit is reached, which, for the present
conditions, happens to be close to the transparent limit.

Consider now the effect of increasing the index of refrac-
tion; results for n = 2 arid 4 are in Figs. 2b and 2c. Because
internal volume emission is proportional to n2, this produces
a considerable increase in internal emission. There is also a
substantial increase in total reflection at the internal bound-
aries (see Table 1) because the radiation flux leaving the layer
cannot exceed that of a blackbody. The internal reflections
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Fig. 2 Effect of index of refraction on temperature distributions; tsl
= tgl = 1.0, t,2 = tg2 = 0.25, ND = 0.1, and HR = 1.0.
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Fig. 3 Effect of index of refraction and increased thermal conduc-
tivity on temperature distributions; tsl = tgl = 1.0, ts2 = tg2 = 0.25,
ND - 1.0, and/7* = 1.0.

produce a substantial radiative exchange across the layer that
tends to equalize the temperature distribution. As shown in
Fig. 2c for n = 4, this effect is strong for intermediate values
of the optical thickness KD = 0.1-10. For very small or large
KD, this effect decreases, and the limiting cases with linear
temperature distributions are approached.

The effect on the internal temperature distributions of in-
creasing the heat conduction is in Fig. 3. This shows how the
distributions in Fig. 2 change when ND is increased from 0.1
to 1.0. This has the expected effect of reducing the temper-
ature variations within the layer. Because the relative effect
of radiation is reduced, the profiles are more linear in shape.
The relative positions of some of the curves are also changed.
Another effect is that the limiting profiles for KD -» 0 and °o
are separated more than for the conditions in Fig. 2.

Effect of Convection at Interfaces
The results in Figs. 2 and 3 are for an intermediate value

of the convection parameter HR. Figure 4 shows the effect of
having smaller and larger amounts of convection. The results
are for KD = 1.0, that was found in Figs. 2 and 3 to be in the
range that provides the largest radiative effect on the tern-
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0.0 0.2 0.4 0.6 0.8 1.0
Dimensionless position, X = x/D

Fig. 4 Effect of index of refraction and convection at interfaces on
temperature distributions; tsl - tgl = 1.0, ts2 = tg2 = 0.25, ND =
0.1, and KD = 1.0.

0.0 0.2 0.4 0.6 0.8 1.0
Dimensionless position, X = x/D

Fig. 5 Effect of index of refraction and heat conduction on temper-
ature distributions; tsl = tgl = 1.0, ts2 = tg2 = 0.25, HR = 1.0, and
KD = 1.0.

1.0

0.3
1 0~3 1 0~2 1 0~1 10° 1 O1 1 O2

Optical thickness, /CD

Fig. 6 Effect of optical thickness, index of refraction, and heat con-
duction on layer surface temperatures; tsl = tgl = 1.0, ts2 = tg2 =
0.25, and HR = 1.0.

perature distributions. A large HR tends to move the surface
temperatures toward the gas temperatures. For small con-
vection, the profiles become rather flat. There is a very sub-
stantial effect of the index of refraction. As n increases, the
temperature profiles become more uniform in the central re-
gion of the layer. For n = 4, there is only a very small tem-
perature variation in the central region. This coupled with
large convection effects when HR = 10, produces large in-
ternal temperature gradients near the boundaries.

Effect of Internal Heat Conduction
The effect of the parameter ND is examined in Fig. 5. In-

creasing ND corresponds to increased internal heat conduc-
tion. When ND = 10, internal conduction is so large that the
temperature is practically constant across the layer. In con-
trast, for ND = 0.1, there are substantial gradients within the
layer. These become large adjacent to the boundaries when
the index of refraction is increased because a large n tends to
equalize the temperatures within the central portion of the
layer by means of internal reflections. As shown in Fig. 4,
the gradients are considerably increased as surface convection
is raised.

Surface Temperatures of Layer
To show in more detail some aspects of the effects of optical

thickness and index of refraction on the layer temperatures,
the surface temperatures are examined. Results are in Fig. 6
for ND = 0.1 and 1.0. For ND = 0.1, the transparent and
opaque limiting cases happen to yield surface temperatures
that are almost equal. Hence, as the optical thickness is in-
creased from zero, each surface temperature varies through
a maximum or minimum value, except at the higher temper-
ature side when n = 1, where the surface temperature in-
creases slightly with KD. The maximum and minimum values
occur for KD between 1 and 5. Although a large n tends to
equalize the temperatures within the interior of the layer, it
produces the largest surface temperature variations with KD.
There is little effect of n on the surface temperatures when
KD is either very small or very large. When ND is increased
to 1.0, the shape of the upper set of curves is changed from
that for ND = 0.1. Now the minimum temperature occurs at
the smallest KD , and the temperatures at the hotter side vary
between those for the limiting cases of KD —» 0 and oo.

Apparent Surface Temperature Calculated from Radiative Energy
Leaving Interface

When making radiation measurements to determine tem-
peratures of semitransparent layers, the radiant energy leav-
ing the layer is detected and converted to an indicated surface
temperature. The radiant energy leaving the surface consists
of emitted, transmitted, and reflected energy. It is assumed
here that a correction is made to remove the effect of the
energy reflected from the outside of the observed surface. In
Fig. 7, the apparent surface temperature ta, computed using
the diffuse energy flux leaving each side of the layer, is com-
pared to the actual calculated surface temperatures as given
in Fig. 6. The energy used to determine the apparent surface
temperature is that emitted by the layer combined with energy
transmitted through the layer from that supplied to the other
side. The diffuse surface emissivity is equal to 1 - p° = r°

10-3 10-2 10~1 10° 101 102 103

Optical thickness, /CD

Fig. 7 Effect of optical thickness and index of refraction on apparent
surface temperature computed from radiative flux; tsl = tgl — 1.0,
t*2 = tg2 = 0.25, ND = 0.1, and HR = 1.0.
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as obtained from Eq. (25). Then, in dimensionless form, the
apparent temperature at each surface is ta = [q^l - p1)!?0]114.
Figure 7 gives results when the conduction parameter is ND
= 0.1. Using ND = 1.0 gave similar behavior so the results
are not included here. The curves give the apparent surface
temperatures for the hot and cold sides for refractive indexes
n = 1,2, and 4.

First consider the results for the cold side. For very small
optical thicknesses, the layer does not emit or absorb signif-
icant radiation, but for n > 1, there are reflection effects at
the interfaces. Radiant energy from the surroundings on the
hot side is transmitted through the layer and yields a high
apparent surface temperature at the cold side. When n is
increased to 2 or 4, there is a decrease in the transmitted
energy. This is partly due to reflection from the outside of
the hot side interface. The energy that passes into the layer
is diffused by the rough interface, so part of it is totally re-
flected when it reaches the inside of the interface at the cold
side. The multiple reflections prevent a portion of the energy
from being transmitted, thus lowering the apparent surface
temperature. As the optical thickness is increased, the layer
begins to absorb incident energy internally and internal re-
emission occurs. For large KD, the transmitted energy is blocked
by the rather opaque layer. The energy leaving is then pri-
marily by emission. For optical thicknesses greater than ap-
proximately 30, the energy leaving through the interface yields
fairly accurate surface temperature predictions. For a con-
duction parameter ND = 1.0, approximately the same pre-
dictive accuracy is obtained when KD = 10.

For the hot side, when n = 1 and the optical thickness is
very small, the energy leaving the colder surroundings is trans-
mitted and yields a low apparent surface temperature. For n
= 2 and 4 and very small optical thicknesses, a significant
portion of the energy passing into the layer from the hot side
is totally reflected when it reaches the inside of the interface
at the cold side. The subsequent multiple reflections signifi-
cantly increase the apparent surface temperature at the hot
side. For large KD, energy transmission is being blocked and
the effects of multiple internal reflections are thereby de-
creased. Energy is leaving primarily by emission. For optical
thicknesses greater than approximately 10, fairly accurate hot
side surface temperature measurements can be made for ND
= 0.1 and 1.0.

Nongray Effects on Temperature Distributions
The previous results have been for a gray layer; they are

now shown to provide considerable insight into the behavior
of a nongray layer. Some results are given here for a two-
band model where the layer optical thickness changes in a
step fashion from a small to a larger value as wavelength is
increased (frequency is decreased). Although frequency (that
does not change with n when crossing an interface) has been
used as the convenient spectral variable in the analysis, the
cutoff location is given here in terms of wavelength, that is
common in the literature. Because the incident energy is from
a medium with n = 1, the parameter AcTgl determines the
fractional amount of energy from a blackbody source at Tgl
that is on either side of the cutoff Ac. Additional parameters
are the individual values of KD on either side of Ac; these are
KS and KI for the short and long wavelength regions. When
Acrgl is small, the fraction of blackbody radiation in the short
wavelength region is very small, so the layer has an optical
thickness KD ~ K/. When \cTgl is large, the fraction of black-
body radiation in the short wavelength region is large and the
layer has an optical thickness KD ~ KS.

Temperature distributions for three AcTgl are in Fig. 8 for
the same parameters as Fig. 3b (n = 2) and with KS = 1 and
Kf = 10. The temperature distributions occupy a narrow range.
They are between the limiting curves for gray layers with KD
= 1 and 10 in Fig. 3(b) that correspond to when AcTgl -* oo
and 0. Thus, the gray results provide considerable insight for
the temperature distributions in a two-band spectral layer.

Fig. 8
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Nongray effects on temperature distributions, tsl = tgl = 1.0,
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Nongray effects on temperature distributions, tsl = tgl = 1.0,
tg2 = 0.25, HK = 1.0, n = 2, KS = 1.0, K, = 100, and ND =

This is shown in Fig. 9 for another set of nongray results.
These are for the same parameters (n = 2) as in Fig. 2b and
for KS = 1 and K/ = 100. The limiting cases for large and
small \cTgl correspond to the gray cases for KD = 1 and 100
that are shown to be somewhat apart in Fig. 2b. The nongray
results for various XcTgl in Fig. 9 stay within, or close to, the
envelope of the gray curves. The temperature profile for the
lowest XcTgl is similar to the KD = 100 gray case, while the
profiles for A.cTgl > 4000 are similar to the KD = I gray case.

Conclusions
Temperature distributions and other heat transfer charac-

teristics have been examined for a semitransparent plane layer
subjected to heating on both sides by convection and radia-
tion. The layer has diffuse interfaces and a refractive index
>1. This simulates, for example, a frosted window used to
diffuse incident radiation in a high-temperature experiment,
or a ceramic material with small scattering in high-tempera-
ture applications. An index of refraction larger than unity has
a substantial effect on the temperature distributions. This is
caused by the large amount of internal energy reflection that
tends to make the temperature distributions more uniform
within the layer. Near the boundaries there can be large ef-
fects resulting from external convection. The combined in-
ternal and interface effects tend to produce large temperature
gradients near the surfaces.

The analysis is formulated in a general way for a nongray
material. Temperature distributions are first investigated in
detail for a gray layer for the complete range of optical thick-
ness from 0 to oo. Then results are obtained for two-band
nongray properties. For the nongray results, the optical thick-
ness has a step-function change at a cutoff wavelength. Using
the optical thicknesses on either side of the cutoff in the gray
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solution, gives temperature profiles that are a very good guide
to the bounds of the nongray solutions.

The energy leaving a layer surface by emission and by trans-
mission from the other side, was examined to determine when
it could be used to indicate the surface temperature for ex-
perimental measurements. It was found that for some con-
ditions a layer optical thickness of 10 was sufficient to obtain
a good surface temperature indication. For other parameters
an optical thickness of 30 or larger was required.
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